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Spin structures
and Killing spinors

on lens spaces

A. FRANC*
c/oDepartementde Mathemaliques

Campus Plaine c.p. 218
B - 1050 Bruxelles

Abstract. Wedeterminethe valuesof m andp for whicha lensspace~~\S2m1

admitsa spin Structure.
We prove that the only lens spaces(with dimension> 3) admittinga maximal
number of linearly independentKilling spinors are the real pro/ectivespaces
~p4k- ‘QR).

INTRODUCTION

A lensspaceis the quotientof the sphereS2m~(m� 2) by a particularaction
of the groupZr,. It is known that thereexists a unique spinstructureon S2m~1

[5]. On the realprojectivespaceJP2m~(IR),which is the lens spacecorrespond-

ing to p = 2, thereexist two inequivalentspin structureswhenm is evenandno
spin structure when m is odd [5]. On the lens spacesassociatedto ~5, there

existsoneandonly onespinstructureif p is oddandnoneif p is even[8].
hi this paper, we determinethe values of m and p for which a lens space

admitsa spin structure(Theorem1).
It was observedin [2] that the spin bundles on S’~(n~s 2) are trivial by
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constructing 21’7121 linearly independentnon-zerosections which are Killing

spinors. The sameargumentwas used in [4] to prove triviality of the spin bundle
on p4k— ‘(IR) (k ~ 1). We prove that a lens spaceof dimension2rn — I (rn > 2)

admits
2m—1 linearly independentKilling spinorsif and only if m = 2k and the

lensspaceisthe projectivespaceP
41’_1(1R).(Theorem2).

Thepaperis organizedasfollows:
In § 1, we recall the basicnotionsof spin structure,spinorsand Killing spinors.
§ 2 is devotedto the studyof existenceand to the constructionof spinstructures

on lens spaces.In § 3, we compute the conditions for a Killing spinor on the

sphereto give rise to a Killing spinoron a lens space.

1. DEFINITIONS AND NOTATIONS (for details,see[1] and [2])

Let C,~be the Clifford algebraof the realeuclideanspaceof dimensionn C,~=

= .~ (JR’7 )/I where ,~(lR’7) is the tensoralgebraof IR’7 and1 is the idealgenerated

by x ® y + y u x + 2 (x, y)Id. ((x, y) is the usualscalarproducton IR’7).
C~(resp.C) is the imagein C~of the tensorsof even(resp.odd) degree.

If n is even, n = 2m, the complexification ~ of C
2m is isomorphic to the

algebraof all linear endomorphismsof the exterior algebraAW of an isotropic

subspaceW of Cm. This isomorphismcanbe constructedas follows:

Let ~ea,a = 1 2m} be an orthonormalbasis of JR2?fl

Let W be the spacegeneratedby{f~= e,kl + ie2/~,I ‘~k~ rn~

Define

2m

~ :Cm(CC~m)~+End(AW)by

2,?i
~(e2k_1) ~=fk ~

~(e,k) . = ~~(fk ‘~n + i(f~)a) E AW

wherei(f~’)istheinnerproductbyJ~.
This linear map extendsto an isomorphismof C~monto End(AW).
We shall chooseas basisof AW

~

~
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2m 2m
The ‘y matrices are the matricesof 7k = p (ek) in this basis. One has the

relations:
2,n2m 2m2m

1k ‘~‘l + ‘V
1 ‘v/c =—

2S~,Id.

The space 52m = AW is calledthe spaceofspinors andhascomplex dimension

2m~~ decomposes as S2m= S~m~ Sjm where S~m(resp. S~m)is the space of
even (resp. odd) forms on W. This decomposition is preserved by C+, i.e.

C~S~cS~(*).

If n is odd, n = 2m — 1, C2m_i is isomorphic to C~mand the isomorphism
is constructedas follows:
Let n : g2m

1(c C2m_l) -+ C~m: e. -+ e4m where {e
1, i ~ 2m — 11 (resp.

{e1~,j ~ 2m}) is an orthonormalbasis of 1R
2”7 1(resp.JR2m) This extendsto an

isomorphismof C
2mi ontoC~m.

Using this isomorphism and(*) oneseesthat

C~mi-~ End(S~m)@ End(S~)

End(S2~_1) @ End(S~_1).

The space S~m= S2m 1 is called the space of spinors.
The representation of the Clifford algebra C2m_j on S2m_i, defined on the

generators e0(a ‘~ 2m — 1) by

2m-1 2m 2m~ (e~)=~(ct(e0))is =

2m—1 2m—1 )n 2m
is irreducible.The‘y matricesread ‘Vk = ~ (e,~)= ‘Vk ‘V2m

1 S~m

The Spin group, Spin(n), is the set of elementsx in C~suchthat xyx~E
~ JR’7(c C~)for all y ER’7 andfx = 1 wherer is the uniqueantiautomorphism

of C~extending Id(~~.The fundamental representation of Spin(n) on S,~,

~I Spin(n)’ is called the spin representation.
If n ~ 3, the Spin group Spin(n)is the universalcoveringof SO(n). The cover-

ing homomorphismis 0 : Spin(n)-+ SO(n):

x -+ [y -4xyx1].

Its differential is anisomorphismof Lie algebras 0~: spin(n) -÷so~n).
If Eb denotes the n x n matrix with I at the intersection of the a rh row and

bnI~column and 0 elsewhere, an element A of so(n) reads A = ~O bA Eab with
=~ A~,andO*1(A~~Eab)=_~~Aa13eaeb.

Let (M, g) be an oriented Riemannian manifold of dimension n andlet B
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be the bundle of orientedorthonormalframes on M, a principal bundle over M

with structuregroup SO(n). Onesays that (M, g) admits a spin structure (or is a

spin manifold) if one can find a principal bundle B M overM with structure
groupSpin(n) and a homomorphism p : B —3’B such that

(i) the following diagramcommutes:

B~ B

A /~
M

(ii) ip(~g)= ~p(~)0(.g)for all ~e B, g E Spin(n), where 0 : Spin(n) -* SO(n)is
the coveringhomomorphism.

PROPOSITION 1. ([6]): (M, g) admitsa spin structure1ff thesecondStiefel-Whitney

class of the tangentbundle ofM vanishes.In this case, thenumberof inequivalent

spinstructureson M is equalto #H 1(M, Z
2).

If M is a spin manifold, the associatedvector bundle ~= B x nS~is called

p
the spin bundle andits sectionsare thespinor fields.

To each spinor field i/i, one can associatea function iji : B —~ S,~ such that

g)=~(g~)~) VgESpin(n), ~EB.

Let ~ be the pull-back connectionon B of the Levi Civita connectionw on

B: =

The covariant derivativeV~i of a spinor field 1~iis definedin the following way:

if X is avector field on M, V~s,Li is the spinor field whoseassociatedfunction on

B is V~L~= X~where X is the horizontal lift of X on B with respectto ~.

Let ~= T*M ® = ~ S~®S) where ~ ~)®~

(here is the usual representationof SO(n)on JR’7 and~ is the contragredient
n

representationof~).
The element ‘V is the section of ~ whose associatedfunction is the constant

B -~ R’7~ ® S~® S~: ~) = ~ e~® where {e~}is the dual basisof the

basis{ek} of ~ = ~(ek) andS~® S~is identified with End(S~).
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A Killing spinor on (M, g) is a spinor field ~1isuchthatV,j/ = X-1~~whereX is a

constant.Equivalently,it is a function i,Ii : B —~S,~ havingthe following properties:

(i) g)=~(g~)~) V~EB,gESpin(n)

(n) (X~7)(~) = k=lk VX vector field onM whereXk(~)

(k ~ n) are the componentsof X in the orthonormalframe~
A spin manifold admitting a non zeroKilling spinoris an Einsteinmanifold.

The constantXis relatedto itsscalarcurvatureR by the formula: [2]

R =4n(n— l)A
2

2. EXISTENCEOF SPIN STRUCTURESON LENS SPACES

ConsiderS2m ~(m~ 2) as the unit sphereof Cm : S2~1= ~(z,, ..., z~)E Cm:

E z
1z~= I), and let 7Z~be realized as the subgroupof U(m) (also contained

in SO(2m)):

2iriq,k
exp

p

,0~k~p—I

2iriq~k
exp

p

where q1(l <I ~<m)is an integer,0<q1 <p andq1 is prime top.
The lens spaceL(p; q1, ..., qrn) of dimension 2m — I with parameters p. q1,

is the quotient space

Remark. One can take without loss of generalityone of the q~’sequal to 1. In

what follows, weshall supposeq1 = I.

Example. The real odd dimensionalprojectivespaceslP
2m_l(IR) arelens spaces

with parameters(2; 1 I).

The uniquespin structureon S2m1 can be viewed as the principal bundle

Spin(2m) on S2m_l with the homomorphism0 : Spin(2m) -~ SO(2m) [4]. In
fact, SO(2m) is naturally identified with the principal bundle of orthonormal
orientedframes on S2m_1 : if e

0(a < 2m) is orthonormalbasisof lR2m andif A
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is the matrix of an elementof SO(2m) in this basis,this elementis identified

with the orthonormalframe{Ae
1, i <2m } at the point Ae2m.

PROPOSITION 2. Let (M, g) be a spin manifold of dimensionn, andlet (M, g,p)

be a Riemanniancoveringof (M, g). Then iM, 1) is a spin manifold. Moreover,if
the coveringis a Galois coveringwith automorphismgroupG andif.~4B (resp.

-~ ~) is the spin structure on (ill, g) (resp. (A~,~)), then B (resp. b) is a Galois

coveringofB (resp.~) with automorphismgroup G.

Proof The manifold (M, g) isnaturally oriented.
There exists an open cover Ua(a E A) of M which trivializes B, B and M.

The cocyclesg~ and of ~ and b are such that 0(~(x)) = g~~(x)for all

xinU flU.

Letp_1(U)=~
1 u~.

aEd

The cocyclesof B andB aregiven by

b°~a~=g~(p(y))

~ VYEU~~flUa,a~

a andb beingsuchthat theintersectionis notempty.

Westill have0�~u(Y))=~, (y) VyE U~bfi U~

andthuswe havea spin structureonM.

For the second part of the proposition, the hypothesisimplies that M is a
principal bundle over M with G as structure group.

SoM= UxGh-
~EA

where [x,~,,a]—[x~,bJ iff xc~=x~andb=a c~(xu)

with c~(x~)E G.
From the preceeding construction of B, one then has:

LI
nEA

where [x~, a, A] -~- [xft. b, B] iff xa = x~,b =a c~(x~)

andB =g~(x~)A.

So G acts on B by left multiplication on the 2’7” factor, and this action com-

muteswith theaction of SO(n).
A similar argument applied to B concludesthe proof of the proposition.

Q.E.D. s
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The Riemannian covering
52m—1 -÷ L(p; q1 q~) is a Galois coveringwith

automorphismgroup 7L,,. HenceProposition 2 implies that any spin structure
on L(p; q1 , ..., qrn )isthe quotient of Spin (2in)by an action of Z,,. Furthermore,

this action is compatible with the homomorphism 0 : Spin(2m) -÷SO(2m)and
henceprojectsontothe actionon SO(2m) of thesubgroupZ~:

0 —q~

q1 0

0 —q2

27Tk q 0
Z,,rz A~’exp~ 2 ,0~k~p—l

p

0

q~ 0

By the lifting map theorem ([9] th. 1.8.12 p. 36), the action of 7L1, on Spin(2m)
is induced by the left action of a subgroup of Spin(2m) isomorphic to 7Z~.A
generator of this subgroup is one of the 2 elements in 0~(A). Henceto detect

the existenceof a spin structureon L(p; q, ... q,,~ ), it is sufficient to determine if

0’(A) containsan elementof orderp.

THEOREM I. If p is odd, L(p,- q1, ..., q,7~)admits oneandonly onespinStructure.

If p is even,L(p, q, q~) doesn’t admit a spin structure whentn is odd,and

admits two inequivalentspin structureswhenm is even.

Proof By the definition of ~ we have

0 —q1

q, 0

27r

p

0

0

7T
= ±exp — (q,e,e2 + q2e3e4 + + qme2m_ie2m).

p
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Let 0’(A)~ and 0~(A) be thesetwo elements.
2m

In the spin representation ~ I Sp~(2m)’ the elemente21_1e21is written in the
basis {l(=f~),f1 =fjiA...AJ;2r, I ~r<[~], 1 ~ <...<i~g~m}OfS~~asa

diagonalmatrix with entries:

2rn 2m 2m

p (e21_1e2p~1~= (‘V21..1’V21
1S+ )(f 5) = — ie~

where e~’=f+lif/EI={i
1~...~i2}

I if /~I={i1,. - .,12r}

The matrix of 0’(A)~ in this basis is thus also diagonal with entries:
= ±exp .~‘(e~q1+ e~~q2+ ... + e~q~).

Itis of order p iff(±~’(—fl~l+...+~m = 1.
If p is even,the conditionis that q1 + ... + mustbeeven.

But all the q1’s are prime to p, so theyare all odd and the conditionis satisfied

iff m is even.
Note that in this case, the two matrices 0’(A)~ and 0’(A)~ are of order p.
If p is odd, 0’(A)~ is of order p iff q1 + ... + q~is even, and8~(AY isof

orderp iff q1 + ... + q~is odd.
In this case,one andonly one of the2 matricesis of orderp, and thusthereis

one and only one spin structure.

Whenp and m are even, the two spin structures given by 0~(A)+ andO~(A)

are inequivalent. In fact, the universal coefficients theorem([7]) implies that

#H’(L(p, q1 q~),Z2)= 2 whenp is even.
So, applying proposition 1, if there exist spin structures,thereare exactly 2

inequivalentones. The result follows from the fact thatall the spin structureson
L(p; q1, ..., q~)are provided by the quotient of Spin(2m)by 7L~where the

generatorof ~ acts by left multiplication by one of the two matrices0~(A)~

and0
1(A). Q.E.D.

Applying this result with p = 2:

COROLLARY. For all k integer ~‘ I, lP~~1(IR) doesnot admita spin structure

andIP’~”~1(lR)admitstwo inequivalentspin structures.

3. KILLING SPINORS ON LENS SPACES

PROPOSITION 3. ([2] - [4]). On the sphereS2m~(m~‘ 2), a Killing spinor is

defined bya function
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= ±1): Spin(2m) S~ 1 = S~m

given by (g) = re(g~)I,1i~,where i~ is any elementOf S
2m_i andre is the

representationofSpin(2m) on S2m—1 whosedifferential is givenby

r~~(~IAabeaeb)=E A1i’V?m_1’V~m_l
a,b~2m 4j~2m—1

+ 2e ~ Ai2m7~m_1.i~2m —1

It satisfies:V~ “~‘Y\V.

Proposition 2 implies that a Killing spinor on a lens spaceL(p; q1 qrn)

(which is a spin manifold) admitsa lift to S
2m~whichis a Killing spinor stable

by the actionof Z,,.
The Killing spinor ~ defined by ~(g) = r~(g~i;~

52m—1 gives rise to a

Killing spinor on L(p; q1, ..., qrn) iff

=

where

rE(01(A)±)=re(±exp_(qieie2+...+qme2m_ie2m))

= ±exp (q17~m_l7
2

2m_l+ ... + qm_iY :~‘V~:1+

In the basis {l, f1 }of S2m 1 = S~m,the matrix of r~(0
1(A)~)is diagonalwith

entries:

(r~(0’(A)~))(JJ)= ±exp — (efq
1 + ... + ~ + e e~q~)

So the equationsread:

±exp

where (~)1 are the componentsof ~ in this basis.
There exists a maximal number (= 2m_1) of linearly independentKilling

spinorsiff theseequationsaresimultaneouslysatisfied for all sets 1 of an even

numberof indices.
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Thisis equivalentto
a) e’1q1 + ... + e = 2k1p VI(k1 E Z) if the spin structure is given by

b) c
1

1q1 + ... + e ~ = (2k5 + l)p VI(k1 E 7L) if the spin structuresis
given by 0’(A).

The casesa)and b) canbe treatedin the sameway:

Suppose in > 2.
By taking I = {l, m} and I {2, m} and substracting the 2 equations, we get

that q1 — q2 is a multiple of p. But q1 and q2 arepositive integers<p and prime

top; soq1 — q2 = 0 andq1 q2 = 1 becausewe may supposeq1 = 1.
(A similarargumentprovesthat Vi, / <m : q1 = q1 = 1).

Bytakingl = 0 and I = {l, 2}andsubstractingthe 2 equations,we obtain that

2 is a multiple of p, so p = 2 and all the q1’s (including q~)are equals to 1.
Note that in this caseni is even:in = 2k.

So this leads necessarily to the case of the real projective space lP
4k_l(IR).

Moreover, the value of � is determined by the spin structure and the parity of
k : in the case a) : e = (—

1)k, and in the case b): � = (~ l)~+ I

So wehaveproved:

THEOREM 2. The only lens spacesL(p; q1 q~)with in >2 admitting 2m-1

linearly independentKilling spinorsaresuchthat m = 2k andare the real projecti-
ye spaces1P

41’’(R) (k > I).

LetB~~~denotethe twospin structuresonIP4k_~(R).
A Killing spinor on W4k_l(IR) with spin structure ~ is determinedby a

Killing spinor lifE on the sphereS4k~which satisfies i/i~(g)=

Vg E Spin(4k) and for which the value of � is determinedby the condition
e=(±)(_l)k.

Remarks. 1. The secondpart of the theoremwasalreadyprovedin [4].

2. The first part of the theoremis falsewhenm = 2. In this case,there exist two
linearly independentKilling spinorson L(p; q

1, q2) iff q1 = q2 = 1 for the spin
structure .8+ andq1 = I,q2 =p— I forthespinstructureB,without conditions
aboutp.

CONCLUDING REMARKS

We have seen that the spin bundle on lP
4k~(lR)(k> 1) is trivial. The spheres

S3 and S7 are the only spheres which admit a trivial principal orthonormal
frame bundle ([5] th 13.10 p. 225 and th. 8.2. p. 156). One can show that the
spin bundle over any 3-dimensionallens spaceL(p; q

1, q2) is trivial. This is not
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the casefor the 7-dimensionallens spacesas was pointed out to us by P. Gilkey

[101.On the other hand, there exist 3-dimensional lens spaces which don’t admit
Killing spinors.Hencethe Killing spinor argumentto prove triviality of the spin

~bund1ehas limited validity. We need another method to determine whether 3-
dimensional lens spaces are the only trivial examples outside projective spaces.
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